University of Banja Luka | Faculty of Architecture, Civil Engineering and Geodesy
ISSN 2712-0570 1 UDC 72

AG
G+

AGG+ Journal for Architecture, Civil Engineering, Geodesy and Related Scientific Fields

AlT+ Yaconuc 3a apxmMTeKTypY, rpaheBMHaAPCTBO, recaesnjy U cpoaHe HayuHe obaacTm

001-024 Categorisation | Original scientific paper

DOI | 10.61892/AGG202601002M
Paper received | 17/03/2026
Paper accepted | 26/06/2026

SnjeZzana Milovanovic*
University of Banja Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia and
Herzegovina, snjezana.milovanovic@aqgf.unibl.org, https.//orcid.orq/0009-0009-4489-2198

Aleksandar Borkovi¢

Graz University of Technology, Institute of Applied Mechanics, Austria; University of Banja Luka,
Faculty of Architecture, Civil Engineering and Geodesy, Bosnia and
Herzegovina,aleksandar.borkovic@aggf.unibl.org, https://orcid.orq/0000-0002-4091-3379

Dijana Tatar
University of Banja Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia and
Herzegovina, dijana.tatar@aqgqf.unibl.org, https://orcid.org/0000-0002-5286-9301

Ognjen Mijatovi¢
University of Banja Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia and
Herzegovina, ognjen.mijatovic@agqf.unibl.org, https://orcid.orq/0000-0002-7859-1790

Isogeometric Analysis of In-Plane Free Vibrations of a Curved
Timoshenko Beam


mailto:snjezana.milovanovic@aggf.unibl.org
https://orcid.org/0009-0009-4489-2198
mailto:aleksandar.borkovic@aggf.unibl.org
https://orcid.org/0000-0002-4091-3379
mailto:dijana.tatar@aggf.unibl.org
https://orcid.org/0000-0002-5286-9301
mailto:ognjen.mijatovic@aggf.unibl.org
https://orcid.org/0000-0002-7859-1790

Original scientific paper | DOl 10.61892/AGG202601002M | Paper received 17/03/2026 | Paper accepted 26/06/2026

SnjeZzana Milovanovic*

University of Banja Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia
and Herzegovina, snjezana.milovanovic@agqgf.unibl.org, https://orcid.orq/0009-0009-
4489-2198

Aleksandar Borkovi¢

Graz University of Technology, Institute of Applied Mechanics, Austria; University of Banja
Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia and
Herzegovina,aleksandar.borkovic@aggf.unibl.org, https://orcid.org/0000-0002-4091-3379

Dijana Tatar
University of Banja Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia
and Herzegovina, dijana.tatar@aqqf.unibl.org, https://orcid.org/0000-0002-5286-9301

Ognjen Mijatovi¢

University of Banja Luka, Faculty of Architecture, Civil Engineering and Geodesy, Bosnia
and Herzegovina, ognjen.mijatovic@aqgqf.unibl.org, https.//orcid.org/0000-0002-7859-
1790

Isogeometric Analysis of In-Plane Free Vibrations of a Curved
Timoshenko Beam

ABSTRACT

This paper presents an isogeometric formulation for the linear in-plane free vibration analysis of
arbitrarily curved Timoshenko beams. The model is developed using curvilinear coordinates, ensuring
a consistent kinematic description and accurate representation of strongly curved geometries. The
beam geometry is described exactly using B-spline and NURBS basis functions within the isogeometric
analysis framework, while the same functions are employed to approximate the displacement field. A
detailed numerical study is conducted to evaluate the convergence characteristics and spectral
accuracy of the proposed formulation. The convergence properties are examined through systematic
h-, p-, and k-refinements. The obtained results demonstrate good convergence behavior; improved
accuracy is achievable with a reduced number of degrees of freedom when higher continuity is
employed. The strongly curved beam model yields greater accuracy than the standard simplified
approach. The proposed formulation provides a robust and efficient framework for vibration analysis
of curved beam structures. It offers a reliable basis for further extensions to more complex structural
and dynamic problems.
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1. INTRODUCTION

Curved beam structures are widely used in a broad range of engineering. Accurate
predictions of their vibrational behavior are therefore of primary importance. By accounting
for shear deformation, the Timoshenko beam theory offers a realistic description of
moderately thick beam structures. Although an extensive body of literature has been
devoted to the vibration analysis of curved beams, research in this field remains active. In
recent decades, isogeometric analysis (IGA) has become an effective computational method
that bridges computer-aided design (CAD) and finite element analysis (FEA). Originally
proposed in [1], IGA employs B-Splines and Non-Uniform Rational B-Splines (NURBS) for
describing both geometry and unknown fields. This description enables exact geometric
representation and offers higher-order interelement continuity, leading to improved
accuracy and enhanced convergence properties compared to conventional finite elements.

The application of IGA to beam and rod theories has been extensively investigated. Early
works demonstrated the advantages of B-spline-based formulations [2], [3]. For static
analysis, a three-dimensional exact curved element with geometric torsion demonstrated
high accuracy for rod structures [4]. A geometrically consistent formulation for the analysis
of strongly curved beams was developed in [5], where the favorable properties of hpk-
refinement strategies were emphasized. Furthermore, total Lagrangian formulations for
geometrically nonlinear curved Timoshenko beams confirmed the benefits of NURBS-based
discretization, particularly in reducing locking effects and improving accuracy per degree of
freedom [6].

It has been observed that higher-order interelement continuity in NURBS-based approaches
yields smaller absolute errors compared to C°-continuous discretization. However, NURBS
finite elements still may suffer from shear and membrane locking. To address this issue,
several locking-free strategies have been proposed. The discrete shear gap (DSG) technique
was employed in [7] to construct locking-free NURBS elements. In [8], isogeometric
collocation methods were investigated for the Timoshenko beam problem, where mixed
formulations yielded locking-free solutions independently of the polynomial degree. The
application of isogeometric collocation techniques was later extended to spatial
Timoshenko rods, again demonstrating locking-free behavior [9]. Higher-order NURBS
discretizations with selective reduced integration and the B-projection method were
applied to straight and curved Timoshenko beams in [10]. Displacement-free and
collocation-based formulations for Timoshenko beams were further developed in [11],
providing efficient and locking-free alternatives to classical displacement-based methods.
More recently, an EOSP approach based on the B-bar formulation was introduced in [12] to
address shear and membrane locking in curved beams, and validated through static and
vibration benchmark problems. Although a considerable research effort has been devoted
to the development of locking-free isogeometric formulations, the investigation of locking
behavior of highly slender beams and the development of suitable locking-free
enhancements remain ongoing research topics.

Several studies have explored the application of isogeometric formulations to vibration
analysis. Nonlinear vibration analysis of Bernoulli-Euler beams was studied in [13], where
B-spline-based isogeometric elements combined with the harmonic balance method
demonstrated high accuracy, and the k-method showed superior performance. The
implementation of h-, p-, and k-refinement strategies for beams was investigated in [14],
[15]. Moreover, a strongly curved beam formulation based on the Bernoulli-Euler beam
theory was considered in [15]. Improved mass matrix formulations for isogeometric
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structural vibration analysis were proposed in [16], achieving optimal accuracy orders. Free
vibration analysis of generally laminated deep curved Timoshenko beams with arbitrary
curvature was developed in [17]. In-plane and out-of-plane free vibration analysis of curved
Timoshenko beams was addressed in [18], where an effective scheme was proposed to
avoid numerical locking and the superior accuracy of CP1-continuous NURBS elements was
demonstrated. The influence of curve reparameterization on numerical spectra was
examined in [19], where a transformation to a pseudo arc-length parameterization was
proposed to improve potentially inappropriate initial geometric parameterizations. In [20],
an IGA-based design approach was proposed for curved Timoshenko beams with smoothly
varying cross-sections to optimize natural frequencies, ensuring smooth size distribution
and stable convergence through a stability transformation method-based K-S aggregation
constraint scheme. Applications to composite laminated beams reinforced with parabolic
fibers were presented in [21]. Advanced interpolation techniques, such as spherical B-spline
interpolation for Cosserat rod formulations, were recently introduced in [22], further
enhancing convergence properties.

Although many studies have addressed the vibration analysis of curved Timoshenko beams,
formulations applicable to different curvature levels remain of interest. In particular,
constitutive relations for curved beams are often adopted from formulations developed for
straight or weakly curved geometries, resulting in the use of a diagonal constitutive matrix
that decouples axial, bending and shear effects [14], [18], [19], [23]. Such an approach can
become inaccurate for moderately and strongly curved beams, for which a consistent
derivation of the constitutive relations is required. Motivated by these shortcomings, the
present work develops a geometrically consistent formulation for the free vibration analysis
of planar Timoshenko beams. The theory is formulated for strongly curved beams, and
appropriate modifications in the constitutive relations are introduced to derive the reduced
constitutive model. The proposed approach provides accurate eigenfrequencies and
excellent convergence properties. The convergence behavior is evaluated through h-, p-,
and k-refinement strategies. In addition, the normalized numerical discrete spectra are
evaluated in order to assess the quality of the computed eigenfrequencies, particularly in
the higher modes. The k-method has been shown to provide more robust and accurate
frequency spectra than conventional higher-order finite elements.

The paper is organized as follows. Section 2 briefly introduces the fundamental concepts of
B-splines and NURBS functions. The following section presents the formulation of the planar
Timoshenko beam and outlines the adopted kinematic description. The discrete
formulation of the free vibration problem is then developed, followed by two
representative numerical examples, and convergence studies are provided to verify the
accuracy and performance of the proposed approach. Finally, the concluding remarks are
summarized in the last section.

2. BASIS FUNCTIONS

This section briefly reviews the fundamental concepts of B-Splines and NURBS. A more
detailed presentation of their definitions and properties can be found in [24], [25].

A B-Spline curve is defined as a linear combination of basis functions of order p. The curve
is expressed in terms of control points Piand corresponding basis functions Bip:

003 | AGG+2026_14(1): 001-024
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The basis functions are polynomials constructed from a knot vector using the recursive Cox—
de Boor algorithm, where each non-zero knot span represents a single isogeometric finite
element. B-Spline basis functions are non-negative, form a partition of unity, and possess a
local support property. Their continuity depends on the knot multiplicity, so if a knot has a
multiplicity m, they are CP™ continuous at the knots. h-refinement and p-refinement are
achieved through knot insertion and order elevation, respectively, while the geometry
remains preserved. A further refinement technique, known as k-refinement, uses the fact
that knot insertion and order elevation processes do not commute, which enables achieving
desired interelement continuity. Figure 1 shows a cubic B-Spline curve defined over a knot
vector &{0, 0, 0, 0, 0.25, 0.5, 0.5, 0.75, 0.75, 0.75, 1, 1, 1, 1}. The control polygon is
represented by a green line connecting the control points in a piecewise linear manner. The
polygon is tangent to the curve at the first and last control points, due to the open knot
vector, and also at £=0.5, where the curve is C*-continuous. At the knot £=0.75, the curve is
C%continuous, and the corresponding control point lies on the curve.

- 1.0

)QC\
02 024\ 06 08

Figure 1. Cubic B-Spline curve and associated basis functions (by the authors)

1.0
® Control points — B-Spline curve ® knots

In the case of rational functions, it is necessary to formulate a more general Non-Uniform
Rational B-spline. NURBS curve in Rd is obtained by a projective transformation of a B-spline
curve defined in R%*%:

ME)=Y R, (P, R, =B, W, /38, W,
=1 =1 (2)

where Rip are rational basis functions of order p and w; are weights associated with the i
control point. All properties of the B-spline curve and its basis functions also apply to NURBS
and the corresponding rational basis functions.

3. METRICS OF THE PLANE TIMOSHENKO BEAM

Unlike the classical isoparametric approach, within the IGA framework the initial geometry
is described first, and then the same basis functions are employed to represent the
displacement field. Many geometries can be described exactly using B-spline functions or,
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more generally, NURBS functions. The theory presented in this paper is derived for the plane
case based on the formulation given in [26], [27]. Within this framework, a curvilinear frame
of reference is adopted. It is defined by the &, n, and  coordinate axes, which correspond
respectively to the beam centerline and to the principal axes of the second moment of area
of the cross-section, together with the associated basis vectors gi, g2, and gs.

The position vector r and base vector of a beam axis g1 are defined as:

m

mr B =P =X 1, 8 =

e dr ds
r=x"i =gt

dsdg VU 3)

Here, im denote the unit base vectors of the global rectangular Cartesian coordinate axes x™
(m=1,2), t denotes a tangent vector, and ( - ),1 represents the partial differentiation with
respect to the § coordinate.

The relation between the parametric and arc-length coordinates of the beam axis is defined
through the following expression:

ds’ =dx’ +dy’ =(x7)d&” > ds=4/g,, d&, g, =X7X,,.

(4)
The vector g2 is perpendicular to the tangential base vector and has unit length:
i At, A 0 1
=X, , = ) = .
gZ 2'm gZ _1 O
(5)

The derivatives of the tangential base vector g1 and the base vector g2 with respect to the £
coordinate are given by [26]:

8..= Filgl + I?gz » 831 = —Kg,. (6)

where I} is the Christoffel symbol of the second kind:

Fil :X,T Xm,ugu' (7)

Note that K is the modulus of the curvature vector measured with respect to the Frenet-
Serret frame of reference, and K = g,,K is the same quantity measured with respect to

the parametric coordinate. Covariant and contravariant metric tensors of a beam axis are
defined as follows:

gll 0
0 1

g11

0 y ) )
9ij = [ 0 1] —~detgy =g, 97 = [ ] - det g = gt = — (8)

911.

The position vector of an arbitrary point in the reference configuration is expressed as:
T=r+7g,. (9)

The corresponding tangential base vector at an arbitrary point, together with the associated
metric tensor component, is defined by:

005 | AGG+2026_14(1): 001-024
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El :(1_77K)g11 511 :(1_77K)2911’ (10)

while g, = g,. According to Timoshenko beam theory, the cross-section is assumed to be
rigid. However, after deformation, it no longer remains perpendicular to the beam axis.
Consequently, the position of the cross-section after deformation cannot be determined
solely from the kinematics of the beam axis, and it is therefore necessary to introduce the
rotation of the cross-section, defined with angle ¢, as an additional generalized coordinate:

¢ =¢i, = ¢g,. (11)

iy xt=x

Figure 2.  Kinematics of the cross section and associated base vectors (by the authors)

With u representing the displacement vector of the beam axis, the position vector of the
beam axis in the deformed configuration is expressed as:

r* =r+u. (12)

Figure 2 illustrates the base vectors and cross section in the undeformed and deformed
configurations. The vectors g; denote the base vectors after the additional rotation of the
cross-section due to shear. The cross-section, shown in red, is no longer perpendicular to
the beam axis. In analogy with the reference configuration, the tangential base vector of
the beam axis in the deformed configuration, together with the corresponding determinant
of the metric tensor, is defined as:

* *m e * *m ¥

8, =X, 1y 811 =X1 Xps- (13)

The modulus of the curvature of the deformed beam axis is determined as follows:

1 0 L
K =——(8:,"8; =83, 81)
2g,, (14)

The derivatives of the base vectors giand g5 are given by:
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8., =(8,+dx8,), =8, +0.8, X8, + 08, X8y,

g*m = (gz +¢ng ),1 =81 T9,8: %8, T P83 %8,,- (15)

Using the previous relation together with relation (6) and by simplifying the resulting
expression, equation (14) can be rewritten as:

. 1
K =K+—==g,.

\/E (16)

The component of the metric tensor in the deformed configuration within the linear analysis
is obtained as:

gII = gi 'g*I = (g1 +u,1)'(g1 +o gngz)' g:I :X,Txm,l +X,Tum,1' (17)

The shear deformation is expressed by:

V12 :gl 'g*i =U,8, ~\9u ¢ (18)

Analogously to (9), the position vector of an arbitrary point in the deformed configuration
is defined as:

T=r ;. (19)

By differentiating the previous expression, the tangential base vector of an arbitrary point
and the component of a metric tensor are obtained:

g =g 7Kg, G.=9,-2Kg.+nK? g, (20)

Using the relations (10) and (20), the strain at an arbitrary point of cross section is expressed
as:

1
2

&y =

e * 1 *
(gu _gll) =én _77(K 91 _Kgll)+_772(K Z_Kz)gul
2 (21)

where g, is the axial strain along the tangential direction at the centroid, which for the case
of linear analysis reduces to:

1, . m
&y :E(gn —0,,)= X1Upa-
Using the expressions (16) and (17), the flexural strain is obtained as:

Kzl?*—l?:K*in_Kgll: g11¢,1+KX,Tum,1' (23)

007 | AGG+2026_14(1): 001-024
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In the classical beam theory, where the effects of initial curvature are often neglected, the
flexural strain becomes:

K= gll(p,l' (24)

Considering the Eqg. (23) and the fact that the curvature change in the Frenet-Serret frame
of reference is y = K* — K, it can be written:

r=K"—K— yg,, =x—¢,K, (25)
which leads to the final, geometrically consistent, expression for the axial strain:

1
&y =én —77K+5772(Z2 +27(K)g11 :go[(1+77K)‘911 —771('], 9 =1-nK.

The second non-zero component of the deformation tensor at an arbitrary point is:

28,=8,8 =/ (27)

4. DISCRETE SOLUTION OF FREE VIBRATIONS

In the present paper, a linearly elastic material is considered, for which the stress at an
arbitrary point is given by:

— 112 — — 1142 — E
O_ll =E(g11)2 (911’ 0_12 =ZG(g11)2512, G =

where G is the shear modulus. For the problem of free vibrations, the virtual work consists
of aninternal and an inertial part, i.e., 6R =R, + JR,,. The internal part is evaluated using
(26) and (28):

SR, = j[E“g0 (1+77K)e,, — G g ndK + TSy, 1dV.
v

(29)
Following the basic relations:
— = _ 1
dV =g, dfdnds, G, =99, G =—59",
9 (30)
the internal part of virtual work is then rewritten as:
SRy, = [ (NOz,, — Mk +T5y,,)v.
v (31)

Here, N, M and T are the section forces energetically conjugated to the reference strains:
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N=E(g"V(Ae, —Tx), M=E(@“ )V (-Te,—Ix), T=Gg"“Ay,,

1 (32)
with:
— 2 2
A= J.Mdndg, T= J'wdndg, = In—dndg, A= k.[idndg,
A 0 A 9o 4 90 290 (33)

where k is the shear correction factor. Finally, relations (32) can be written in matrix form
as:

E@“YA 0 —E@"VT ey,
0 Gg“Z 0 Y | € R=Ds=.
-E(@"y1T 0 E(@")V! || «

< =
Il

(34)

When the off-diagonal terms of the constitutive matrix are neglected, the constitutive
matrix of the reduced constitutive model becomes:

E@') A 0 0
D~ 0 Gg"A 0o |,
0 0 E(@")

(35)

where A is the area of the cross section. This classical model with reduced constitutive
relations was also formulated for comparison. The dependence between the strain
components and the displacement gradient, the rotation, and the rotation gradient is given
as:

1 2 ul,l
X, X, 0 0
Lu, L=| x} 2 —Jg, O _ |t
e=Llu,, L=| x, X5 9, , U= o |
1 2
Kx, Kx; 0 g, 0,

(36)

By introducing the vector of generalized coordinates ¢, which contains degrees of freedom
at control points of one element:

T _1nl A T T T _|,1 2
q _[q1 qz qi ---qn]: q,' _|:u,‘ u,‘ (0,‘ ]I (37)

the following relations are derived:

R 0
u,=Bq, B=[B, B, .. B, .. B], B =|0 R, 0
0 R



AGG+2026_14(1):001-024 | 010

S. Milovanovi¢*, A. Borkovi¢, D. Tatar, O. Mijatovi¢

Combining the previous relations with Eq. (36), the internal part of the virtual work can be
expressed as follows:

OR, = [Roefo,,dé =o' [B,DB,\Jg,,dé5a=q'Ksq, B, =LB,
s 3

K= [B,/DB,/g,,d¢,
¢

(39)
where K is a linear stiffness matrix of the Timoshenko beam finite element.
The inertial part of virtual work is given by:
OR,, = [WD"5u\fg,, d¢,
¢ (40)
where the displacement and acceleration vectors are defined as:
uT:[ul u, u e “N}' u =[u u, o],
6=, b, e b e Gy 0 =[d, 4, ¢]. (1)
Matrix DV is given by :
AY 0 0
D= 0 A" 0],
o o M
(42)
where the simple geometric cross-sectional properties are introduced:
A" = (g, dnd¢ = [dnd¢, 1" =[g,n’dnd¢ = [n’dnd¢ .
A A A A (43)

The dependence of vectors given in (41) and vectors containing the degrees of freedom are
defined as follows:

u =L,q,4 =L,q,
R

0
L,=|0 R 0 'LM:[LMl L, - L, - '-MN]-
0

The inertial part of virtual work is now expressed as:
oR, =" [L,,D"L,\Jg,, d£5q=d"MJq,

3
M= [L;,D"L, g, d&,
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where M is a consistent mass matrix of the Timoshenko beam finite element. Using the
relations (39) and (45), the spatially discretized principle of virtual work is now defined as:

By assuming synchronous and harmonic motion:

the eigenvalue problem is obtained:

(k-w'M)g=0. us)

The solutions of Eq. (48) are pairs of eigenfrequencies wn and corresponding eigenvectors
qn-

5. NUMERICAL EXAMPLES

In this section, a detailed analysis of the free vibrations of arbitrarily curved in-plane beams
is carried out. Through selected numerical examples, the influence of mesh refinement
techniques on the solution is investigated. Numerical integration is performed using Gauss
quadrature formulas, with p+1 integration points. The convergence behavior was
investigated using h-, p-, and k-refinement strategies. The resulting frequencies w!* for an
nth mode are normalized with respect to the reference numerical solution w,, which is
obtained with a significantly greater number of degrees of freedom.

The objective of this study is to investigate the effect of strong curvature on the structural
response of the beam. The model that employs the constitutive relation given in Eq. (34)
for the evaluation of internal forces is referred to as IGA DS. The second model is
formulated based on the decoupled constitutive approach, in which the off-diagonal terms
are neglected. This constitutive relation is given in Eq. (35) and is denoted as IGA D°. For
clarity, the differences between these formulations are summarized in Table 1.

Table 1. Differences between the models
IGA D° IGA D°
Constitutive matrix Eq. (34) Eg. (35)
Flexural strain Eqg. (23) Eqg. (24)

To compare both formulations, the analysis is performed for different values of the beam
curviness measure, defined as the product of the maximum curvature and the cross-
sectional height, Kmaxh [15]. In addition, an isotropic two-dimensional model is constructed
in Abaqus using a dense mesh of CPS3 elements (3-node linear triangular plane stress
elements) in order to create a comparable reference model for strongly curved beams. The
converged solutions were obtained using fine meshes consisting of more than 100 000 CPS3
elements, depending on the example. For the lowest n modes, the absolute cumulative
difference wjrefis calculated as:

011 | AGG+2026_14(1): 001-024
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i=1 iref

(49)

For higher-order NURBS discretization schemes, the locking issues are reduced in
comparison with standard low-order Lagrange approximations. To further alleviate these
effects, special methods are often required [10]. The locking issues are not considered in
the present study and will be addressed in future research.

5.1. CIRCULAR ARC

In the first example, a quarter-circle beam with a rectangular cross-section, clamped at the
left end, is analyzed. The geometry is represented using quadratic NURBS, as shown in
Figure 3. The Young’s modulus is E=108, Poisson’s ratio is v=0, and the mass density is p=2.5.
The cross-section is rectangular, with a unit width and varying height. The example provides
a detailed investigation of the applicability of IGA models for different levels of Kh. The
results are also compared with the analytical solutions reported in [23].

-4 P=(0,1) P=(1,1)
wy=1 ° w,=Cos45°

Figure 3.  Circular arc (by the authors)

Table 2 and Table 3 present the natural frequencies of the first ten modes for two levels of
curviness, Kh=0.2 and Kh=0.5, normalized by r\/E—/p, where ris the radius of gyration of the
cross section. The results of the isogeometric analysis are obtained using a mesh consisting
of 50 quartic elements with C3 interelement continuity, corresponding to 162 degrees of
freedom for the Timoshenko beam theory.

For the case Kh=0.2, the numerical solutions obtained with the model IGA D® show
excellent agreement with the analytical results. The results obtained with IGA models are
compared with a 2D Abaqus model. The cumulative differences with respect to the Abaqus
model remain very small, around 2.5%. In contrast, for the reduced constitutive model
IGA D°, the cumulative difference increases to approximately 5.2%, indicating a slight loss
of accuracy when coupling effects are neglected. The IGA DS model is also compared with
the results reported in [15], where a formulation for strongly curved beams considering the
effects of rotatory inertia is employed. It is observed that the higher modes in [15] are not
correctly captured, primarily due to the neglect of shear deformation effects.
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Table 2. Comparison of the lowest ten normalized eigenfrequencies of the circular arc for Kh=0.2
Abaqus,
Mode /GA D* IGA D° [15] CPs3 [23]
element
1 1.486 1.482 1.494 1.481 1.482
2 6.669 6.620 7.046 6.683 6.620
3 18.111 18.074 19.260 18.080 18.074
4 24.804 24.720 25.820 24.810 24.720
5 37.876 37.700 43.930 37.930 37.700
6 53.543 53.510 54.030 53.430 53.510
7 57.913 57.835 70.380 57.890 57.835
8 78.070 77.611 87.290 78.380 77.611
9 87.744 88.195 100.300 87.130 88.194
10 100.027 99.523 121.200 100.300 99.523

As the curviness increases to Kh=0.5, a different trend becomes evident. The numerical
results from IGA D° model again coincide very closely with the analytical solutions. When
IGA D® model is compared with the Abaqus model, the maximum difference occurs in the
tenth mode and reaches 5.18%, with a cumulative difference of 20.56%. Comparing the
IGA D°model with the Abaqus model, the cumulative difference increases up to 28.66%.
Furthermore, comparing IGA D° model with [15], the relative differences become
significantly more pronounced. The differences are mainly attributed to the neglect of shear
deformation effects in [15], especially for higher modes and larger curviness. This suggests
that, depending on beam curviness and thickness, using an appropriate beam theory with

a consistent formulation becomes essential.

Table 3. Comparison of the lowest ten normalized eigenfrequencies of the circular arc for Kh=0.5
Abaqus,
Mode IGA D° IGA D° [15] CPs3 [23]
element
1 1.429 1.406 1.471 1.400 1.406
2 4.963 4.793 6.065 5.038 4.793
3 9.000 9.062 9.331 8.819 9.062
4 14.501 14.062 19.730 14.680 14.062
5 20.669 20.930 20.620 20.000 20.93
6 23.004 22.762 33.120 23.060 22.762
7 30.969 30.311 34.380 30.830 30.311
8 33.977 34.135 46.660 32.530 34.135
9 34.989 35.358 49.070 35.010 35.357
10 40.883 39.979 60.690 38.870 39.979

The convergence analysis for the curviness Kh=0.2 and IGA DS model, performed with
respect to h-refinement using cubic NURBS with C' and C? interelement continuity, is
presented in Figure 4. The reference solution is computed on a mesh consisting of 120
quartic elements with C3 interelement continuity. The orders of convergence are estimated,
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and the results demonstrate good convergence behavior, with higher accuracy for the lower
modes and lower accuracy for the higher modes. The natural frequency of the first mode
converges for each interelement continuity, even on a relatively coarse mesh. The
convergence rates are close to the theoretical rate of 2p, and they benefit from higher
interelement continuity.
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Figure 4.  Circular arc, Kh=0.2. Relative error for the lowest 10 eigenfrequencies using the h-refinement with
cubic NURBS and: a) C1 continuity; b) C2 continuity (by the authors)

Furthermore, both p- and k-refinement strategies were investigated. The relative errors of
the lowest ten eigenfrequencies are presented in Figure 5, while the errors normalized by
the corresponding number of degrees of freedom (npof) are shown in Figure 6. The p-
refinement strategy is carried out by increasing the polynomial order while keeping both
the interelement continuity and the number of elements fixed. It is observed that, for
different modes and the selected discretization, different polynomial orders yield the best
accuracy. In particular, the quartic polynomial gives the best accuracy for the first mode,
the quintic polynomial for the second and fourth modes, and the sextic polynomial for the
remaining modes. Figure 5b indicates that increasing interelement continuity does not
significantly improve the accuracy, primarily due to the associated reduction in the number
of control points and degrees of freedom. However, when normalized by the corresponding
number of degrees of freedom, improved performance is observed, as illustrated in Figure
6b. This indicates that increasing interelement continuity leads to higher accuracy per
degree of freedom.
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Figure 5.  Circular arc, Kh=0.2. Convergence properties for the lowest 10 eigenfrequencies: a) p-refinement with
10 elements and C1 continuity; b) k-refinement with 20 elements and p=6 (diagram by the authors)
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Figure 6. Circular arc, Kh=0.2. Convergence properties for the lowest 10 eigenfrequencies (relative error divided
by respective nDOF): a) p-refinement with 10 elements and C1 continuity; b) k-refinement with 20 elements and
p=6 (by the authors)

In addition, normalized numerical discrete spectra are evaluated for different interelement
continuities (Figure 7). The frequency values are obtained from the model with N active
degrees of freedom and were normalized by reference frequencies. The reference model
was computed using approximately 2000 quartic elements with C3 interelement continuity,
resulting in about 3000 degrees of freedom. A comparison between the lowest and highest
continuity levels of the quartic elements also demonstrates the superiority of higher
continuity. In this case, variations in N did not significantly affect the results.
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Figure 7. Circular arc, Kh=0.2. The normalized numeric discrete spectra using different continuities (by the
authors)

Finally, the mode shapes corresponding to the first ten frequencies for Kh=0.2 and the
strongly curved model are presented in Figure 8.

Figure 8.  Circular arc, Kh=0.2. First ten mode shapes (by the authors)

5.2. TSCHIRNHAUSEN’S BEAM

This example examines a Tschirnhausen’s cubic curve with a rectangular cross-section,
whose initial geometry is described exactly by a cubic Bézier curve (Figure 9). The same
example was analyzed in [14] using Timoshenko beam theory for different levels of
curviness and various boundary conditions, where the initial geometry was not described
exactly but was obtained by interpolating a set of points. The material properties of a beam
are adopted from the same reference, with kG/E=0.3.
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Figure 9. Tschirnhausen’s beam (by the authors)

The results are obtained using IGA with 52 quartic elements, C2interelement continuity, and
168 degrees of freedom. The frequency values are normalized and expressed as @; =
wilz/(r,/E/ p), where widenotes the frequency of the it" mode, and | is the beam span.

Comparisons of the lowest six eigenfrequencies for a curviness Kmaxh=0.1 and different
boundary conditions are presented in Table 4 and Table 5. For all cases, no noticeable
differences are observed between the IGA D° and IGA DS formulations. The results
indicate that for this case, the influence of strong curvature on the constitutive coupling
and eigenfrequencies is minimal. When the IGA DSmodel is compared with the results
reported in [15], the cumulative difference remains moderate. The highest one is observed
for the beam clamped at both ends, reaching 5.16%. Furthermore, in comparison with the
CPS3 model, the differences remain below 0.5% for most modes. An exception appears in
the sixth mode of the hinged-hinged and hinged-clamped configurations, where the
differences are approximately 2%. The overall cumulative differences of the two developed
formulations are comparable, although the strongly curved formulation consistently
achieves a lower total difference.

Table 4. Comparison of the lowest six normalized eigenfrequencies of the Tschirnhausen’s beam for
Kmaxh=3V3/50=0.1, IGA formulation

hinged-hinged hinged-clamped clamped-hinged clamped-clamped
Mode

IGAD®° IGAD° |IGAD° |IGAD° |IGAD° |IGAD° |IGAD° |IGAD°

21.11 21.10 26.92 26.91 28.51 28.50 35.48 35.47
54.06 54.03 61.75 61.73 64.43 64.39 72.46 72.44
104.49 104.43 115.79 115.76 119.22 119.15 131.39 131.35
167.50 167.39 179.67 179.61 184.77 184.66 196.72 196.66
246.95 246.80 260.12 260.05 268.48 268.30 280.45 280.37
304.53 304.53 305.57 305.51 306.34 306.38 310.79 310.75

o U A W N
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Table 5. Comparison of the lowest six normalized eigenfrequencies of the Tschirnhausen’s beam for
Kmaxh=3V3/50=0.1, reference

hinged-hinged hinged-clamped clamped-hinged clamped-clamped
Mode Abaqus, Abaqus, Abaqus, Abaqus,
[15] CPS3 [15] CPS3 [15] CPS3 [15] CPS3
element element element element
1 21.14 21.15 27.00 26.98 28.58 28.57 35.62 35.57
2 54.22 54.17 62.06 61.91 64.71 64.59 72.93 72.70
3 105.00 104.80 116.70 116.20 120.10 119.60 132.65 131.90
4 168.80 168.00 181.60 180.30 186.60 185.50 199.20 197.70
5 249.70 247.80 263.50 260.60 272.20 269.70 284.20 281.80
6 305.30 296.70 306.80 299.40 306.90 306.30 312.70 311.50

For Kmaxh=0.2, the influence of curvature becomes more pronounced compared to the
previous case (Tables 6-7). While IGA DSand IGA D° models remain in relatively close
agreement, the differences are larger than those observed for a smaller level of curviness.
The comparison between the IGA DS model and the results from [15] shows noticeable
differences, with the largest occurring in the sixth mode and reaching 5.69%. The highest
cumulative difference of 18% appears in the case where the beam is clamped at both ends.
In comparison with the CPS3 isotropic model, the differences remain below 1% for most
modes, with the highest being 4.55% in the fourth mode and for the hinged-hinged
configuration. The cumulative difference compared to the Abaqus model remains
noticeably smaller for the IGA DS formulation than for the IGA D° formulation. The results
are also compared with those from [14], and it is observed that they coincide with the
IGA D° formulation. The corresponding reference values are listed in Table 8. The first six
mode shapes are presented in Figure 10 for the IGA D model and the hinged-hinged
configuration.

Table 6. Comparison of the lowest six normalized eigenfrequencies of the Tschirnhausen’s beam for
Kmaxh=3V3/25=0.2, IGA formulation

hinged-hinged hinged-clamped clamped-hinged clamped-clamped
Mode

IGAD* IGAD° |IGAD® |IGAD®° IGAD® |IGAD° |IGAD® IGAD®
1 20.99 20.96 26.47 26.45 28.28 28.23 34.79 34.75
2 53.26 53.14 59.67 59.59 63.04 62.91 69.29 69.21
3 102.10 101.88 109.98 109.87 115.91 115.65 123.59 123.46
4 147.53 147.44 147.69 147.56 149.92 149.96 151.83 151.74
5 171.13 171.01 185.98 185.87 185.38 185.09 200.56 200.37
6 237.40 236.83 250.40 250.09 255.40 254.80 267.46 267.16




Isogeometric Analysis of In-Plane Free Vibrations of a Curved Timoshenko Beam

Table 7. Comparison of the lowest six normalized eigenfrequencies of the Tschirnhausen’s beam for
Kmaxh=3V3/25=0.2, reference

hinged-hinged

hinged-clamped

clamped-hinged

clamped-clamped

Mode

Abaqus, Abaqus, Abaqus, Abaqus,

[15] CPS3 [15] CPS3 [15] CPS3 [15] CPS3
element element element element

1 21.11 21.02 26.78 26.55 28.54 28.35 35.34 34,94

2 53.87 53.37 60.78 59.87 64.11 63.29 70.95 69.75
3 104.10 102.50 112.90 110.40 119.00 116.60 127.40 124.60
4 148.70 141.10 149.20 142.60 150.70 149.60 153.70 152.30
5 175.10 169.80 192.20 185.20 191.80 187.00 209.40 202.90
6 247.50 238.80 263.30 252.80 268.80 257.70 283.60 271.70
o . g p —
P \o | P .
— _— ) - - ~

- ' 4

f*’ ‘ . av “

Figure 10. The hinged-hinged Tschirnhausen’s beam, Kmaxh=0.2. First six mode shapes (by the authors)

Table 8. The lowest six normalized eigenfrequencies of the Tschirnhausen’s beam for Kmaxh=3V3/25=0.2, [14]

Mode hinged-hinged

hinged-clamped

clamped-hinged

clamped-clamped

20.96
53.14
101.88
147.44
171.01
236.83

o U A W N R

26.45
59.60
109.87
147.56
185.87
250.09

28.23
62.91
115.65
149.96
185.09
254.80

34.75
69.21
123.46
151.74
200.37
267.16

The convergence analysis is performed for the IGA DS model and a beam with Kmaxh=0.1,
hinged at both ends. The h-refinement strategy is done using cubic NURBS with two
different interelement continuities (Figure 11). The results indicate good convergence
characteristics, similar to the previous example.
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Figure 11. Tschirnhausen’s beam, Kmaxh=0.1. Relative error for the lowest 10 eigenfrequencies using the h-
refinement with cubic NURBS and: a) C1 continuity; b) C2 continuity (by the authors)

In the case of p-refinement (Figures 12a and 13a), local error minima are again observed,
indicating that there is a preferable polynomial order for a chosen discretization. For the
adopted mesh consisting of 20 elements with C! interelement continuity, a particularly
pronounced minimum appears in the second mode at polynomial order p=6. This order
provides the best accuracy also for the second mode, whereas higher modes achieve better
accuracy with septic elements. The k-refinement analysis is performed using a mesh of 40
sextic elements, as shown in Figures 12b and 13b. Higher interelement continuity again
demonstrates improved accuracy per degree of freedom. However, when the relative error
is considered without normalization by the number of degrees of freedom, a reduction in
accuracy is observed only for the highest continuity levels. This behavior can be attributed
to the sufficiently dense discretization, where the reduced number of control points may
influence the resolution of higher modes. Notably, for the ninth mode, C? continuity yields
the best performance despite the reduced number of control points.
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Figure 12. Tschirnhausen’s beam, Kmaxh=0.1. Convergence properties for the lowest 10 eigenfrequencies: a) p-
refinement with 20 elements and C1 continuity; b) k-refinement with 40 elements and p=6 (by the authors)
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Figure 13. Tschirnhausen’s beam, Kmaxh=0.1. Convergence properties for the lowest 10 eigenfrequencies (relative
error divided by respective nDOF): a) p-refinement with 20 elements and C1 continuity; b) k-refinement with 40
elements and p=6 (by the authors)

In the present case, the Jacobian of the curve varies gradually and, therefore, the
parameterization can be considered weakly nonlinear. This issue can be addressed using
the reparameterization technique proposed in [19].

6. CONCLUSIONS

Isogeometric analysis enables the exact representation of the initial geometry using NURBS,
which represent a general case of spline-based geometry description. In this work, an
isogeometric formulation for the free vibration analysis of arbitrarily curved planar beams,
based on the geometrically consistent Timoshenko beam theory, has been developed. The
formulation is implemented in a curvilinear coordinate system and involves the effect of
initial curvature. A detailed investigation of selected numerical examples has demonstrated
the suitability and robustness of the proposed isogeometric approach, confirming its
validity even for strongly curved beams. The curviness level strongly influences the choice
of an appropriate beam theory. In particular, shear deformation must be included for
moderately thick beams, and coupling constitutive effects must be properly accounted for
when analysing strongly curved beams. These coupling effects are expected to be more
emphasized in spatial beams, nonlinear analysis, and finite strain theory.

The convergence study generally indicates that higher interelement continuity leads to
improved accuracy per number of degrees of freedom. The same conclusion is supported
by the analysis of the normalized numerical discrete spectra. However, regarding the k-
refinement and adopted discretizations, improved accuracy was occasionally achieved for
specific modes with lower levels of interelement continuity. The p-refinement strategy
revealed the presence of local minima, indicating that, for certain vibration modes and the
adopted discretization, there exist preferable polynomial degrees. Future research will be
directed towards more complex dynamic problems.
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M3OrEOMETPUICKA AHANU3A CNIOBOAHUX BUBPALUUIA TUMOLLEHKOBE TPEAE VY
PABHU

CaxkeTak: OBaj pas npeactaB/ba M30reomMeTpujcky dopmynaumjy 3a IMHEApHy aHaNM3y COMCTBEHUX
BMbpaLmja NPOU3BO/BHO 3aKPUB/bEHWX TUMOLLEHKOBUX rpega y paBHU. Mogaen je pasBujeH
KOPULITEHEM KPUBONMHU|CKMX KOOPAMHATA, Yume ce 0b6e3behyje KOH3UCTEeHTaH KUHEMATUYKKU Onuc
M TayHa penpeseHTalMja CHAXHO 3aKpMB/bEHUX reomeTpuja. feomeTpuja rpege je TayHO onmcaHa
npumjeHom b-CnnajH n HYPBEC 6a3Hux ¢pyHKLMja y OKBUPY M30reOMETpUjCcKe aHaan3e, JOK ce ucte
dYHKLMje KopuCTe 3a anpoKCMMALMjy KMHemaTuykor nosba. CnpoBegeHa je geTasbHa HymepuuKa
aHa/n3a y UM/by MpPOLjEHe CBOjCTaBa KOHBEPreHuuje W TauyHOCTU NpeasioxeHe dopmynaumje.

CBojcTBa KOHBepreHumje ucnutaHa cy npumjeHom h-, p- n k- nobosbliarba Mperke KOHaYHWUX
enemeHata. [obujeHn pesynTtaTv nokKasyjy Jobpa KoHBepreHuwujcka cBojcTBa, Npu yemy ce Beha
TayHOCT MoKe nocTuhu y3 marun 6poj cteneHa cnoboge Kaga ce npUMjerbyje BULLIM KOHTUHYUTET Ha
rpaHuuama enemeHata. lMpegnoxeHa ¢opmynaumja nNpepcTaB/ba TayaH U edpuKacaH npuctyn 3a
aHanu3y BMOpaLMja 3aKPMB/BEHMX TFPEAHMX CTPYKTYpa W Mpy)Ka Moy34aHy OCHOBY 33 Aasba
NPOoLMpPEHA Ha CI0XKEHWje KOHCTPYKTUBHE U AUHAMUYKe npobieme.

KroyuHe pujeyu: TumoweHKo8a epeda, Npou3eosbHO 3aKpUBbeHA 2pedd, c10600He subpayuje, UTA,
HYPBC
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